Parafermionic zero modes are fractional topologically protected quasiparticles expected to arise in various platforms. We show that Coulomb charging effects define a parafermion box with unique access options via fractional edge states and/or quantum antidots. Basic protocols for the detection, manipulation, and control of parafermionic quantum states are formulated. With those tools, one may directly observe the dimension of the zero-mode Hilbert space, prove the degeneracy of this space, and perform on-demand digital operations satisfying a parafermionic algebra.
Introduction. Majorana zero modes are canonical examples for topologically protected quasiparticles with non-Abelian braiding statistics [1] [2] [3] [4] . In the presence of Coulomb charging effects, intriguing features related to their nonlocality have been pointed out [5] [6] [7] [8] [9] [10] [11] [12] [13] and probed experimentally [14, 15] . The drive for reaching universal quantum computation platforms and the quest to fully understand topological excitations have turned attention to exotic emergent quasiparticles such as parafermions (PFs) with Z n>2 symmetry. For PF zero modes, a plethora of interesting phenomena has been suggested in various platforms [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ; for a review, see Ref. [29] . For one-dimensional (1D) interacting fermions, Ref. [30] suggests that Majorana states exhaust all possibilities in the generic (disordered) case. However, Refs. [31, 32] show that PFs can exist in models of 1D nanowires. Moreover, for edge states of a fractionalized two-dimensional system, such as the fractional quantum Hall (FQH) liquid, domain walls between regions proximitized by a superconductor (SC) [33] and a ferromagnet (FM) host stable PFs. Platforms for PFs include proximitized fractional topological insulators [16] , bilayer FQH systems [25] , and proximitized FQH liquids at a filling factor of ν = 2/3 [22] or ν = 1/(2k + 1) with an integer k [16, 18] . Such setups may ultimately provide a toolbox for generating Fibonacci anyons [22, 27] , which, in turn, facilitate faulttolerant universal quantum computation.
In the present Rapid Communication we leap beyond the interesting platforms alluded to above. We point out that PF devices dominated by Coulomb charging effects provide direct detection and manipulation tools targeting the fundamental physics of PFs. Specifically, we show below how one can: (i) measure the dimension of the Hilbert space associated with PF zero modes, (ii) render this space degenerate in a controlled manner, and (iii) explicitly demonstrate the exotic algebra of PF operators. By combining systems made of fractionalized bulk matter with mesoscopic sensing concepts, all superimposed on Coulomb charging effects, the PF box (cf. Fig. 1 ) facilitates full access to the beautiful physics of PF zero modes. Recent Majorana experiments [14, 15] also attest to the promise of such an approach. Prob- Figure 1 .
Layout of the PF box. (a) Two opposite-spin FQH edges (the thick black arrows) are gapped out in distinct ways via proximitizing FM and SC segments in different regions. PF operatorsαj,s (the blue stars) are localized at domain walls. (b) SC segments are electrically connected to ensure phase coherence across different SC domains. Similarly, FM segments belong to one bulk FM. The gate (golden), separated (insulating blue layer) from the SC bridge, can be used to change the offset charge qg while disturbing the rest of the system only minimally. A back gate that can tune the chemical potential of the FQH puddles is implied.
ing these core facets of PF Hilbert space is realized employing fractional edge states [for current measurements] and quantum antidots (QADs) [for elastic cotunneling of quasiparticles through the box]. Such major facets are hard (if not impossible) to access otherwise, e.g., using multiple Josephson periodicities [16-18, 20, 21, 26, 36] , zero-bias anomalies [23] , split conductance peaks due to finite-size effects [24] , or quantized conductance measurements [28, 36] . Apart from being interesting in its own right, e.g., in the context of topological Kondo effects [6] , it stands to reason that the experimental implementation of the PF box would pave the way for realizing PF-based quantum information devices [37] .
PF box model. For concreteness, we study an array of PF zero modes implemented via two ν = 1/(2k + 1) FQH puddles of opposite spin [16, 18, 40] , cf. Fig. 1 . Our proposal is adaptable to other platforms (see the Supplemental Matterial [43] ); for ν = 1 it is reduced to a Majorana setup [12] . The puddle edges are described by bosonic fieldsφ s=↑/↓=±1 (x) with commutator [18] [φ s (x),φ s (x )] = isπsgn(x − x ), [φ ↑ (x),φ ↓ (x )] = iπ.
(
The resulting fractional helical edge state can be gapped by proximity coupling to SC or FM segments, see Fig. 1 
H SC describes the SC pairing induced in the edges by the proximitizing SCs, whereφ is the SC phase operator and ∆ is the absolute value of the induced pairing amplitude. H FM describes electron hopping between the edges accompanied by a spin flip, which is enabled by the presence of the FM. The hopping amplitude t is proportional to the FM in-plane magnetization caused by, e.g., geometrical effects. All the proximitizing SCs (FMs) are implied to be parts of one common SC (FM), see Fig. 1 
(b).
For a floating (not grounded) SC, the charging term is
, with the chargeQ 0 satisfy-
The offset charge q g is controlled by a gate [ Fig. 1(b) ]. Finally, the charge and spin of an edge segment are given bŷ
A parafermion N -box is then defined by N + 1 FM and N SC domains excluding the outer edges. For instance, Fig. 1 shows a two-box. Low-energy theory. The quasiparticle excitations in the SC and FM domains have gaps (4πv∆/ν) 1/2 and (4πvt/ν) 1/2 , respectively [16] . At energies below these scales [50] , the problem can be simplified using the method of Ref.
[51] since the large cosines in Eqs. (2) and (3) imply that each FM (SC) domain is then effectively described by an integer-valued operatorm j (n j ), see Refs. [16, 18] and Fig. 1(a) ,
The only nontrivial commutation relation is [m j ,n l ] = i/(πν) for j > l, whereas [m j ,n l ] = 0 for j ≤ l. Using Eq. (4), the chargeQ j (spinŜ j ) of the edge segment corresponding to SC j (FM j except for the first and the last FM) iŝ
Note that FM (SC) domains cannot host charge (spin) at low energies. The semi-infinite outer edges are merged with each other and decouple from the PF box. Below, we probe the system by fractional quasiparticle tunneling. At low energies, this can only happen at interfaces between different domains. The projected low-energy quasiparticle operators are (cf. Refs. [16, 18] )
where j is the domain-wall number and s is the spin of the edge, see Fig. 1(a) . The PF operators in Eq. (7) satisfy a Z n parafermion algebra with index n = 2/ν [29] ,
sαl,sαj,s , ω s = e 2πis/n = e iπνs .
The low-energy Hilbert space of the box is now spanned by |Q tot , Q j=1,...,N −1 (mod 2) , whereQ tot = N j=0Q j = Q 0 + ν(m N +1 −m 1 ) is the total charge of the proximitizing SC and the FQH edges within the PF box. Note that Q tot has fractional values differing by multiples of ν. Since the SC can absorb electron pairs, the remaining quantum numbers describe the distribution of fractional quasiparticles over the SC domains of the PF box. The box Hamiltonian is then given by
where C box is the effective box capacitance and all states with the same Q tot are degenerate up to exponentially small splittings (see the Supplemental Material [43]), neglected here. Below we consider the simplest cases: onebox and two-box. The Hilbert space of the one-box is spanned by |Q tot and does not allow for a degenerate subspace. In contrast, for every value of Q tot , the twobox has topological degeneracy n = 2/ν due to the different ways to distribute charge between SC 1 and SC 2 . A simple estimate puts E C in the range of 0.1-1 K. Cotunneling Hamiltonian with FQH edges. We next consider two additional edge segments (γ = 1, 2), each approaching (near x = x γ ) a PF zero mode on the box. Such edges serve as leads and correspond to fieldsφ γ (x) with [φ γ (x),φ γ (x )] = iχπsgn(x − x ), where χ = ±1 is the edge chirality. With applied voltage V γ , the edge Hamiltonian is given by
Quasiparticles can then tunnel with amplitude η γ between the edge and the PFα jγ ,s , which is modeled by the tunneling Hamiltonian H T = γ=1,2 η γ e i √ νφγ (xγ )α † jγ ,s + H.c., see Fig. 2 . On top of that, we allow for direct quasiparticle tunneling between the two edges described by
+H.c. Although due to the large length of SC/FM domains, the points of tunneling to PFs x 1,2 must differ from x 1,2 , in what follows we put x γ = x γ for simplicity, cf. after Eq. (12) . Note that in all the above processes quasiparticles tunnel through the FQH bulk. We now assume that the box charging energy in Eq. (9) is the largest energy scale. Away from Coulomb resonances q g = ν(Z + 1/2), transport between two leads is then dominated by cotunneling. Performing a Schrieffer-Wolff transformation and projecting to the state of Q tot that minimizes the charging energy, H box + H T → H cot , we obtain to the leading order, (10) where
with U ± ∼ E C being the charging energy penalty for adding/removing one fractional quasiparticle to/from the box. The total Hamiltonian for transfer of quasiparticles between the leads is then given by
Since the operatorα j2,sα † j1,s in Eq. (11) acts only in the discrete box subspace, the effective cotunneling Hamiltonian H T12 corresponds to quasiparticle tunneling between the leads with effective amplitudeη T12 . Noting that (α j2,sα † j1,s ) n = −1 with n = 2/ν, one sees that the properties specific to PFs are encoded by the cotunneling phase. Indeed, the eigenvalues ofα j2,sα † j1,s follow as e iπν(r+1/2) (integer r), and the cotunneling phase therefore depends on the PF box state with possible phase values differing by multiples of πν. Fig. 2(a) with ν = 1/3. The current in a Coulomb valley depends on Qtot mod 2 and thus on qg. When gradually increasing qg → qg +2, one passes through n = 2/ν peaks with much stronger (yet finite) current. At the end of this sequence, the same current IT12 is repeated.
Cotunneling current. Next we observe that H T12 is relevant under the renormalization group (RG) with scaling dimension equal to ν < 1 [52] . The RG flow towards the strong quasiparticle tunneling regime eventually implies a two-terminal conductance νe 2 /h [28] . However, for a finite voltage
, the RG flow is effectively cut off. For a given V 12 , this inequality is always realized for sufficiently small tunnel couplings. The tunneling current I T12 = I 2 − νe 2 V 2 /h between the two leads then follows from perturbation theory in H T12 [54],
Γ(x) being the Euler gamma function. For a box initially in a superposition of differentα j2,sα † j1,s eigenstates, such a current measurement implies a projection to the observed eigenstate, cf. Refs. [9, 12] . By measuringÎ T12 and hence |η T12 |, one can therefore characterize the quantum state of a PF box. In this calculation we assumed low temperatures (T |V 12 |) and long edges (v/L |V 12 |). Furthermore, we have put the points of direct tunneling between the two edges (x 1,2 ) to coincide with the points for tunneling to parafermions (x 1,2 ), cf. Fig. 2(a) . Realistically, they will not coincide, resulting in a suppression of the interference term ∼ η cot η * refαj2,sα † j1,s + H.c. which enables one to measure the eigenvalue ofα j2,sα † j1,s . This suppression reduces (but does not destroy) the interference visibility.
Number of eigenvalues. Consider the configuration in Fig. 2(a) , which gives access to the operatorα 2,↓α † 1,↓ = e −iπ(Qtot+ν/2) , cf. Eqs. (7) and (11), via two leads connected to a one-box. We now tune the box to a Coulombblockade valley. By varying the gate voltage across a peak q g → q g + ν, we also enforce Q tot → Q tot + ν since the box will adhere to the ground state of H box . As a consequence, we effectively obtain η cot → η cot e −iπν in Eq. (11) and thus a different tunneling current I T12 . After switching through n = 2/ν subsequent Coulomb valleys, we have q g → q g + 2 and return to the original value of I T12 . This characteristic dependence of I T12 on q g is sketched in Fig. 3 . Such an experiment can already determine the number n of possible eigenvalues ofα 2,↓α † 1,↓ , which is a nontrivial check of the PF operator properties.
Degenerate PF space. Next we show how to engineer an n-fold degenerate PF space. To accomplish this task, we consider a two-box as shown in Figs. 2 
The two-box has two degrees of freedom, namely, Q tot , which behaves the same way as for the one-box, and Q 1 (mod 2), which labels the n-fold degenerate subspace for any given Q tot . The two-box contains four domain walls, allowing for various options to access PF operator combinations. For instance, by connecting leads to the first and the last domain walls, cf. Fig. 2(b) , a current measurement determines the phase ofα 4,sα † 1,s = e iπ(sQtot+sν/2+Ŝ2) . Repeating the above one-box protocol then implies a q g -dependent behavior as in Fig. 3 . Next, we note that the subspace of fixed Q tot is spanned by the |Q 1 mod 2 states. These states correspond to the eigenvalues e isπ(Q1+ν/2) ofα 2,sα † 1,s , which in turn follow from current measurements as shown in Fig. 2(c) ;
implying that this degenerate subspace is also spanned by the eigenbasis ofŜ 2 or ofŜ 2 ±Q 1 . Both operators can be accessed as illustrated in Fig. 2 (d). Now let us take any eigenstate |Q 1 mod 2 ofα 2,sα † 1,s . Decomposing it into the eigenstates ofα 3,sα † 2,s , we obtain
where λ r = r(Q 1 mod 2). Similar statements hold for any pair of the above observables. This structure allows one to confirm the degeneracy of the subspace. Indeed, let us select an arbitrary pair of noncommuting bilinear PF operators, e.g.,Ô 1 =α 2,↑α † 1,↑ and O 2 =α 3,↓α † 2,↓ . A measurement ofÔ 1 now projects the box state onto one of its n eigenstates. Then one measuresÔ 2 , which should project the system with equal probabilities, see Eq. (13), onto any eigenstate ofÔ 2 . Similarly, a subsequent measurement ofÔ 1 projects this state with equal probabilities onto one of the eigenstates ofÔ 1 . Repeating this procedure many times, one can verify thatÔ 1 (orÔ 2 ) has precisely n possible eigenvalues. To explicitly check the degeneracy one may now proceed as follows. One first performs repetitive measurements ofÔ 1 with arbitrary time intervals between consecutive current measurements. If we always find the same eigenvalue, we know that Ô 1 , H box = 0. Now repeat this procedure for the operatorÔ 2 , which does not commute withÔ 1 . If we also find Ô 2 , H box = 0, all eigenstates Setups allowing for two-box manipulation with QADs (the white circles). (a) The operatorα 2,↑α † 1,↑ can be applied to an arbitrary PF box state by pumping a quasiparticle between the QAD pair. In the same setup,Ŝ2 mod 2 can be measured from the tunneling current between the shown leads. (b) A setup allowing for application of operationsα 2,↑α † 1,↑ andα 3,↑α † 2,↑ , which is sufficient to generate any digital operation that can be applied through QADs, and measuringŜ2 mod 2. Gates used to create QADs are kept implicit.
of bothÔ 1 andÔ 2 have trivial time evolution, which proves the degeneracy of the PF space. We emphasize that checking the degeneracy and the size of the PF subspace is an important and nontrivial validation of the system properties.
PF state manipulation. Finally we discuss how to perform on-demand transitions in the n-fold degenerate subspace of a two-box with QADs surrounded by the FQH liquid [55-59] as access units, see Fig. 4 . At low-energy scales, a QAD in the Coulomb-blockade regime is equivalent to a two-level system,
where V QAD is an electrostatic gate potential andψ QAD is the quasiparticle annihilation operator on the QAD. Consider now two QADs coupled to the two-box as in Fig. 4(a) . Similar to Eq. (11), elastic cotunneling between two QADs via the PF box is described by H cot,QAD = η cotψ † QAD2ψQAD1αj2,sα † j1,s + H.c., where the amplitude η cot now does not renormalize anymore. By adiabatically pumping a quasiparticle from QAD1 to QAD2 through suitable changes in the gate voltages V QAD1/2 , an arbitrary PF box state |Φ must then transform according to |Φ →α j2,sα † j1,s |Φ . QADs thus facilitate digital operationsα j,sα † l,s within the degenerate PF subspace. Furthermore, employing protocols for both measurement with leads and manipulation with QADs, one can provide direct manifestations of the PF algebra (8); e.g., by measuringα 3,↓α † 2,↓ = e iπ(Ŝ2−ν/2) and applyinĝ Fig. 4(a) . We emphasize that all nontrivial digital operations are generated by two operators, e.g.,α 2,↑α † 1,↑ andα 3,↑α † 2,↑ . These can be implemented with three QADs [Fig. 4(b) ].
Conclusions. The parafermion box introduced in this Rapid Communication can simplify and facilitate experimental studies of PF-based quantum states. Our proposed measurement protocols, which employ fractional edge states as leads and/or quantum antidots for state manipulation, crucially rely on the unique and intrinsically nonlocal ways to access the box in the Coulombblockade regime. One can thereby largely avoid several difficulties that may affect earlier proposals for observing PF physics. In particular, we have shown how to observe the dimension of the zero-mode space, how to realize and demonstrate the existence of a degenerate space, and how to perform digital operations in this degenerate state manifold. The results of our protocols are distinctly different from Coulomb-blockade signatures of anyonic tunneling and should enable the experimental confirmation of the parafermion algebra in Eq. (8). In this Supplemental Material we discuss some technical aspects of our model and the applicability of our results to the ν = 2/3 platform for parafermions. We discuss the issue of whether tuning momenta is necessary to open a gap in both FM and SC domains in Sec. I. Sec. II discusses how our model for the parafermion box changes when there are order parameter phase differences between the SC domains, and how these phase differences can be usefully utilized. Sec. III provides technical details regarding the derivation of the box charging energy. In Sec. IV, we elaborate on how the two-lead measurement scheme implements a projective measurement. In Sec. V, the relation between the eigenbases of different observables acting in the 2-box degenerate subspace is derived. Sec. VI elaborates on the protocol for manipulating an N -box degenerate subspace via QADs. Finally, Sec. VII discusses the applicability of our results to parafermions generated on the boundaries of ν = 2/3 puddles.
I. WHY NO MOMENTA TUNING IS NECESSARY IN FM/SC DOMAINS
The issue of whether a gap can be opened simultaneously at FM and SC domains arises due to the following naive argument. The tunneling, which is uniform along the edge, conserves momentum and therefore opening a gap in the FM domain requires the two edges to have the same Fermi momenta. Similarly, a conventional SC proximitizing the system induces pairing at opposite momenta, and opening a gap in the SC domains requires the Fermi momenta of the edges to be opposite. Therefore, according to the argument, the gap cannot be opened simultaneously in FM and SC domains unless the Fermi momenta of both edges are at zero. The resolution comes from the fact that the system is subject to a magnetic field. For a particle in magnetic field there is a difference between the canonical momentump and the physical (kinetic) momentumπ =p + A [1] . Due to translation invariance, the tunneling conserves the canonical momentum, while the SC pairing happens at opposite physical momenta (since the energies of the paired electrons E =π 2 /2m in the proximitizing SC should be the same).
Qualitatively, one can argue that both conditions can be satisfied simultaneously by the following consideration. Consider a free electron in a plane subjected to a perpendicular magnetic field, using the Landau gauge A = (By, 0). In an eigenstate of the Hamiltonian, the particle's canonical momentum is related to its average position as p x = −By = −A x (y). Therefore, two close-by FQH edges have the same canonical Fermi momentum. The physical momentum can be defined as π x = m∂E/∂p x = ±mv, where we used the energy at the edge E = ±v(p x − p F ), the sign ± denotes opposite propagation directions of the two edges, and v is the edge velocity. Therefore the condition for opposite physical momenta at the edges is satisfied automatically. Below we provide a more technical analysis of the issue which highlights a few subtleties.
For simplicity, we concentrate on the case of ν = 1 and discuss the issue in the fermionic language. This has the advantage that one can describe the two integer quantum Hall (IQH) edges by solving the problem of a particle in the magnetic field with a potential barrier which separates the plane along the line y = y 0 . Consider a narrow high barrier that separates the two IQH puddles. Then electrons in each edge are described by the field operator
where s =↑ / ↓= ±1 and Λ is a cutoff. The edge Hamiltonian is given by
where k F s is the Fermi momentum. In order for this lowenergy description to be valid and k F s ∈ (−Λ, Λ), the barrier separating the two edges should be much thinner than the magnetic length l B = B −1/2 . Electron tunneling in a FM domain can be described by
Diagonalising H = H edge + H FM one finds the following dispersion relation Consideration of a SC domain is somewhat more involved. The pairing is described by
whereψ s,SC are electron operators in the proximitizing SC and y s denote the location of the IQH edges and are related to k F s . In the absence of the magnetic field,
where f (y) is of order 1 when |y| is smaller that the SC coherence length ξ. If one puts the same SC into a location where the vector potential is uniform and has the value A 0 = (A 0x , 0), all the canonical momenta get shifted by A 0 resulting iñ
In the presence of the magnetic field, i.e., when the vector potential A varies in space, the behavior of the SC order parameter∆(x) may be modified significantly due to the SC screening the magnetic field. Realistically, the proximitizing SC will be a type-2 SC penetrated by vortices. Away from vortices, one can approximately use the previous expression for∆(x). Taking into account the phase acquired by the Cooper pair electrons while travelling from the proximitizing SC to the edges, we writẽ
Solving H = H edge + H SC with this ∆(x) we find the excitation gap to be
For a free particle k x + A x (y) = 0; however, the presence of the barrier separating the edges makes k F s deviate from −A x (y s ). If the barrier is symmetric, one can show that k
In the case when the barrier is asymmetric, one expects the deviation from zero to be a fraction of Bl B . For B = 10 T and v = 10 4 m/s we estimate vBl B /2 ≈ 3 K. Therefore, the induced SC amplitude∆ 0 ≈ 5 K should be sufficient to create an observable gap in SC domains even for an asymmetric barrier separating the two quantum Hall puddles.
Therefore, in order to induce gaps in both FM and SC domains, one needs the two quantum Hall edges to be located within less than a magnetic length from each other in y direction, the barrier separating them has to be sufficiently symmetric, and the chemical potential of the edges has to be tuned into the FM domains' gap. However, no momentum tuning is necessary. We note that the issues of the separating barrier and/or vortices in the proximitizing SC influencing the SC domains warrant a separate study.
A referee of the manuscript brought to our attention recent results [2] showing that in a realistic system the induced SC pairing amplitude may depend significantly on the distance between the edges, which is not captured by the model above. This may be an important factor for experimental implementation of the system.
II. NON-UNIFORM SC ORDER PARAMETER
An additional control handle can be brought to the PF box setup discussed in the main text through enabling the order parameter of different SC domains to have different phases. This can be done via applying a magnetic field in the y direction (cf. Fig. S1 ). The SC proximitizing Hamiltonian then becomes
whereφ j =φ + ϕ j ,φ is the bulk SC phase operator, and {ϕ j } are the phase differences between the domains and the bulk SC due to the fact that the system is subject to the magnetic field B y . As a result of this modification, the expressions for the corresponding box operators become:
, (S13)
S j = ν(n j −n j−1 ) − ν(φ j −φ j−1 )/(2π), (S15) Note that (α j2,sα † j1,s ) n = e iδϕ with n = 2/ν and
is the integer part of x. The eigenvalues ofα j2,sα † j1,s are then e iν(πr+δϕ/2) (integer r). Therefore, the tunability of the phase differences ϕ j − ϕ l is advantageous in the protocol for measuring the box operators proposed in the main text (cf. Fig. 2 
III. THE CHARGING ENERGY OF THE PARAFERMIONIC BOXES
Here we provide technical details about the derivation of the low-energy theory of the PF box model, putting special emphasis on the role of the charging energy. In the limit ∆, t → +∞ the fields tend to be pinned to the cosine minima, see Eqs. (2,3) of the main text. Expanding the cosines near their minima one can show for each domain that the finite momentum excitations in the domains are gapped (see, e.g., Appendix A1 of Ref. [3] ). Therefore, at low energies the cosine arguments in Eqs. (2,3) of the main text are constant within the respective domains. In this approximation, imposing continuity of the fieldsφ
where L FM/SC is the length of the respective domain, x j is the coordinate of the jth domain wall (x 0 and x 2N +1 correspond to the left edge of FM 1 and the right edge of FM N +1 respectively), x − j is infinitesimally close to x j on the left,Q j = ν(m j+1 −m j ) andŜ j = ν(n j −n j−1 ) are respectively the charge (spin) of the edge segment under SC j (FM j ), andφ is the proximitizing SC order parameter phase. For the first and last FM domains the expression for the hosted spin is different:
The commutation relations obeyed by the operators can be deduced from the commutation relations forφ ↑ (x), φ ↓ (x), and their derivatives; the non-trivial commutations are:
The system Hamiltonian then acquires the form
A system described by the first two terms on the r.h.s. of (S25) has been considered in Ref. [3] , and the semiinfinite edges in conjunction with such a system have been considered in Refs. [4, 5] . The bulk SC charging energy, which appears in the third term of (S25), is a key ingredient giving rise to the box charging energy, see Eq. (9) of the main text. To the best of our knowledge, it has not been derived in previous works. We note, however, that several recent works [6, 7] have invoked a charging energy as in Eq. (9) of the main text.
An algorithm for finding the low-energy theory for Hamiltonians with large cosine terms as in Eq. (S25) has been put forward in Ref. [8] and we employ it for the analysis presented in Sec. III.3. However, before addressing the problem in its full complexity, it is instructive to consider two toy problems, which we do below.
III.1. Toy problem 1
Consider a quantum-mechanical problem with
with ν −1 being integer. H 1 is an illustrative simplification of the first two rows in (S25). First, we solve it ingoring the two middle terms.
Due to Bloch's theorem, the eigenfunctions of H 0 satisfy
where k ∈ [0, 2π) is the quasi-momentum, n ∈ Z + is the band index, and the eigenfunctions can be written as ψ kn (x) = e ikx u kn (x) with u kn (x + 1) = u kn (x). For U x → +∞ the potential can be considered as a set of independent cosine minima with weak tunneling between them. Expanding the cosine near its minima and calculating the tunneling between them semi-classically, one finds u kn (x) = u n (x) + δu kn (x), E kn = E n + δE kn with
Since the term U p cos(2πp) commutes with H 0 , it only modifies the eigenenergies E kn → E kn − U p cos(2ν −1 k). Now we look for eigenfunctions of (S26) in the form
Ignoring O e −4ν √ mUx terms, we obtain
supplemented by the boundary condition A(k + 2π) = A(k). In the limit U p → +∞, employing the same technique that was used to tackle H 0 , we find that the eigenfunctions A yl (k) = e −iky w yl (k) have energies E yln = E n +Ẽ l + δẼ yl . Here y = 0, 1, ..., 2ν −1 − 1 is the quasi-coordinate, l ∈ Z + is the band index, w yl (k+πν) =
Ignoring exponentially small terms, the eigenfunctions satisfy
In particular, the lowest-energy subspace spanned by Ψ y00 (x) is 2ν −1 -fold degenerate up to corrections
mUx . Alternatively, one can consider the eigenbasis of e iπνp :
Ψ r00 (x) = 2ν
III.2. Toy problem 2
Consider the Hamiltonian
where H 1 is defined in (S26), andp 0 satisfies
We note that H 1 consists of a simplification of the first two r.h.s. terms in (S25), whilep 2 0 /2m 0 is a simplified analogue of the bulk SC charging energy term. In analogy with the SC charge,Q 0 whose conjugate operator iŝ ϕ, forp 0 there is a conjugate variablex 0 : [p 0 ,x 0 ] = i. For simplicity, in the present example we consider the operatorp 0 which has a continuous unbounded spectrum. This is to be contrasted withQ 0 , whose spectrum is discrete.
Due to the presence of the second term in (S39), one cannot directly use the solution of H 1 from the previous section. Defininĝ
one can rewritê
Therefore,
There are two differences betweenH 1 and H 1 : first, the renormalized m p instead of m, and second, the αp + shift. Since H 1 ,p + = 0 both operators can be diagonalized simultaneously. For every eigenstate ofp + , with a given eigenvalue, one can diagonalizeH 1 following the procedure of Sec. III.1. The αp + shift in Eq. (S45) leads only to exponentially small corrections. Therefore, the low-energy Hilbert space of the system is spanned by |p + , y with y labeling the exponentially degenerate ground states ofH 1 , and the low-energy effective Hamiltonian is
where we have omitted the constant offset by the groundstate energy ofH 1 .
III.3. Solving (S25) in the limit t, ∆ → +∞
A general algorithm for solving Hamiltonians with large cosine terms as in Eq. (S25) has been developed in Ref. [8] . According to this algorithm, the cosine arguments {Ĉ q } = {2πm j , 2πn j } play the key role. The low-energy Hilbert space is obtained through restricting the original problem Hilbert space by demanding cosĈ q |ψ = |ψ , which implies that the allowed lowenergy operators are those and only those that commute with all cosĈ q . The low-energy effective Hamiltonian then assumes the form
where H 0 is the quadratic part of the original Hamiltonian, and the variablesΠ q , conjugate toĈ q , arê
where M qr is defined through
Finally, the non-trivial commutation relations Ĉ q ,Ĉ r lead to a degenerate low-energy Hilbert space, while the finite coefficients in front of the cosine terms lead to splitting between these degenerate states, as also discussed in Ref. [8] .
Applying this algorithm to the two toy problems discussed in Secs. III.1, III.2, one recovers the results obtained there. We now discuss the application of this algorithm to Hamiltonian (S25). The admissible low energy operators, i.e., those that commute with all cos 2πm j and cos 2πn j , are e iπνmj , e iπνnj , ∂ xφ↑/↓ and e i √ νφ ↑/↓ operators at the semi-infinite edges, and the total box chargê Q tot =Q 0 + N j=1Q j . All the other low-energy operators can be built out of these. The effective low-energy Hamiltonian is
where C box = C SC + N νL SC /(πv). The second term in H eff represents the Hamiltonian of the semi-infinite edges that are glued together by the conditionŝ
Therefore, the fields at the edges can be redefined so that the part to the left of FM 1 is described as a free FQH edge, and the part to the right of FM N +1 is described as another one.
The degeneracy due to the non-commutation ofm j , n l and the expression of parafermionic operators througĥ m j ,n l is described the same way as without the charging energy [3, 4] . The box states can be labeled by eigenvalues of operators e iπQj andQ tot . However, now not all (Q j mod 2) are independent asQ 0 is an integer multiple of 2, thus j e iπQj = e iπQtot . Since the variables of the semi-infinite edges commute withQ j andQ tot , the edges decouple from the box. Therefore, the box can be described independently of the edges by the Hamiltonian in Eq. (9) of the main text. The lifting of the de-
1/2 . Finally, we would like to note that similar results can be derived for a generic capacitive coupling between the box elements:
with arbitrary coefficients A jl , B jl , C jl , d j , e j (provided that the quadratic in charges and spins part of H C is positive definite). In this case the low-energy expression for the box Hamiltonian, Eq. (9) of the main text, retains the same form. However, the precise expression for the box capacity C box changes in this case, and the gate parameter q g should be replaced by q box = const × q g .
IV. SOME DETAILS REGARDING THE TWO-LEAD MEASUREMENT SCHEME
Here we discuss how the two-lead measurement scheme discussed in the main text implements a projective measurement. We assume that H T12 , see Eq. (11) of the main text, is switched on at time t = 0. Suppose the initial state of the N -box is |ψ = r,{X} A r,{X} |r, {X} , where |r, {X} is a basis of the box low-energy states such that
and {X} denotes all other quantum numbers labeling the box state. Below we calculate the box reduced density matrixρ box (t) as a function of time. We find that
Re
where η r = η ref + η cot e iν(πr+δϕ/2) , Γ(x) is the Euler gamma function, and the last expression is valid for t 1/(ν|V 12 |). Therefore, the scheme kills the density matrix elements that are off-diagonal in r while preserving coherent superposition in the rest of quantum numbers, thus implementing a projective measurement of r.
The derivation of the above result is as follows. Evolution of the leads and box state can be described in the interaction representation by evolution operator
The initial density matrix of the system isρ(t = 0) =
, where H i are the leads' Hamiltonians and T is the system temperature. Therefore, the reduced density matrix of the box at time t iŝ
where U r (t) is obtained fromÛ (t) by substitutinĝ α j2,sα † j1,s in H T12 with its eigenvalue (S54). We define
Since U † r (t)U r (t) = 1, F rr (t) = 0. For the off-diagonal components we perform a second order cumulant expansion in H T12 and obtain
The last expression is valid for ν < 1/2, it should be analytically continued in order to obtain the answer for ν ≥ 1/2. For |V 12 | T one obtains
which leads to Eq. (S56). As an analytic function, this answer is valid for any ν > 0, including ν = 1. For ν = 1 our results reproduce those of Ref. [9] , with v −ν playing the role of the density of states of a lead.
It is interesting to note that the dephasing rate (S56), and more generally (S60), does not depend on the value of η ref . It is a consequence of the fact that each quasiparticle that passes through the box causes a state-dependent phase rotation of the box state, and those that tunnel through the reference arm do not. Dephasing is generated by the inability to track the number of quasiparticles that have passed through the box. In the case of η ref = 0, one is not able to distinguish different box states by measuring I T12 , as can be seen from Eqs. (11, 12) of the main text. Yet we note that dephasing does take place, albeit one can restore coherence between different box states by counting the number of quasiparticles transferred between the leads. For η ref = 0 one cannot restore phase coherence by simply counting the number of quasiparticles as each transferred quasiparticle could have traveled either through the box or through the reference arm. The relation of the dephasing to the number of quasiparticles transferred through the box results in the same voltage dependence of the dephasing rate (S56) and the current I T12 (12) .
Having in mind possible experimental realizations, we estimate the typical decay time of the off-diagonal matrix element for ν = 1/3 to be ≈ 10 ns when η ref ≈ η cot and I T12 ≈ 10 pA, which is a realistic value of tunneling current. Under these conditions, the measurement time is limited by the time required to accumulate sufficient statistics in order to distinguish the values of I T12 for different r.
V. THE ALGEBRA OF OPERATORS ACTING IN THE 2-BOX DEGENERATE SUBSPACE AND THEIR EIGENSTATES
The 2-box degenerate subspace is spanned by states |Q 1 mod 2 that are eigenstates of operator e iπQ1 . All the operators of the formα j2,sα † j1,s acting in this subspace can be expressed through e iπQ1 and e iπŜ2 . It is of importance, therefore, to study the properties of these two operators.
It follows from Eq. (S23) that
Using this fact and the arbitrariness of choosing the phases of the basis states |Q 1 mod 2 , one can define
The eigenstates |S 2 mod 2 of e iπŜ2 have the form
with n = 2/ν. Conversely, the |Q 1 mod 2 states can be expressed through |S 2 mod 2 via relation (13) in the main text.
VI. N -BOX STATE MANIPULATION WITH QADS
Here we elaborate on how transferring a quasiparticle between two QADs each of which is connected to one parafermion allows one to manipulate the state of an N -box. Such a manipulation involves two QADs, each described by Hamiltonian (14) . Due to coupling to the parafermions, a fractional quasiparticle can hop between the QADs through the box, which is described by the effective cotunneling Hamiltonian H cot,QAD . Consider the initial state of the QADs being |1 1 |0 2 , i.e., QAD1 is filled and QAD2 is empty. The box states can be expanded in |r, {X} , the eigenbasis ofα j2,sα † j1,s (S54), whereα j1,s andα j2,s are the parafermions to which QAD1 and QAD2 are coupled respectively.
The cotunneling Hamiltonian transforms
Therefore, the problem splits into a set of 2 × 2 problems each described by 
where ∆V = V QAD1 − V QAD2 . Consider the Landau-Zener problem ∆V = λt/ν for this Hamiltonian. Then the initial state |ψ(t i → −∞) = |1 1 |0 2 |r, {X} at large times becomes |ψ(t → +∞) = e iϕ0(ti) e −πγ−iϕ0(t) |1 1 |0 2 |r, {X} 
where γ = |η cot | 2 /λ, and ϕ 0 (t) = λt
In particular, the probability of not transferring a quasiparticle between the QADs is P LZ = exp (−2πγ) .
Therefore, by changing the QAD voltages slowly (λ → 0, γ → +∞), one can transfer the quasiparticle with probability 1; the system final state will then be e iν(πr+δϕ/2) |0 1 |1 2 |r, {X} = |0 1 |1 2αj 2,sα † j1,s |r, {X} , (S71) up to an r-independent overall phase. Moreover, if one performs the operation with non-vanishing speed λ and measures the QADs' state in the end one will find the system in one of the states |1 1 |0 2 |r, {X} or |0 1 |1 2αj 2,sα † j1,s |r, {X}
up to r-independent overall phases with probabilities P LZ and 1 − P LZ respectively. One can repeat the operation until the transfer of a quasiparticle has happened. One way or the other, transferring a quasiparticle between the dots implements the action of theα j2,sα † j1,s operator on the N -box low-energy Hilbert space. Importantly, this operation is applied independently of microscopic details of the process.
VII. THE APPLICABILITY OF OUR RESULTS
TO ν = 2/3 PARAFERMIONS
The results stated in the main text are applicable, with minor corrections, also to parafermions implemented through ν = 2/3 FQH edges. Here we discuss this issue in some detail. A scheme to implement parafermions in a system involving a pair of spin-unpolarized ν = 2/3 FQH puddles has been proposed in Ref. [10] . The setup there is similar to the setup for obtaining parafermions at ν = 1/(2k + 1): it involves two FQH edges that are gapped in different regions by either electron tunneling or SC pairing between the edges. The domain walls between these regions give rise to parafermionic operators.
The ν = 2/3 edge has a more complicated structure than a ν = 1/(2k + 1) edge. Namely, it has a charged modeφ c that is described similarly to the only mode present for ν = 1/(2k + 1) and also a neutral modeφ n [11, 12] (see, however, Refs. [13, 14] ). In the scheme of Ref. [10] , the neutral mode is uniformly gapped in the whole system and at low energies only the charged mode is of importance. Therefore, the parafermion operators are low energy projections of the elementary excitation e i √ νφc that carries the electric charge νe and does not excite the neutral mode. Thus, PFs for ν = 2/3 can be described with the same formalism as for ν = 1/(2k + 1).
QADs in ν = 2/3 can host both purely charged 2e/3 excitations and excitations that have e/3-charge and also excite the neutral mode. Since the latter ones cannot travel through the system of parafermions (the neutral mode is gapped), our results regarding the QAD manipulation of parafermions are directly applicable to the case of ν = 2/3.
The results for measuring the state of parafermions with leads are also applicable, up to a minor modification. The measurement scheme we propose involves not just cotunneling through the PF box but also direct tunneling between the leads (involving the reference arm), in which both the purely charged excitations and those having a neutral component participate. Therefore, the expression for the tunneling current in Eq. (12) of the main text should be modified by replacing |η T12 | 2 → |η T12 | 2 +|η n | 2 , where |η n | 2 characterizes the strength of tunneling of all the neutral-carrying excitations. Thus, for a given voltage V 12 , the current I T12 gets offset by a constant current, still enabling one to distinguish different states of parafermions. The results for dephasing of the box's reduced density matrix (S55), (S56), are applicable without changes, which is easy to understand: neutral-carrying excitations cannot pass through the system of parafermions and therefore do not contribute to dephasing.
